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Aug 19, 2020 Nov 24, 2020 Dec 31, 2021 0% 0% Sep 27, 2020 Dec 31, 2021 0% 0%Q: Convergence
of a matrix product to a $n \times n$ matrix Let $A$ be a $n \times n$ matrix. Prove that $$ e^A =
e^2^A \times \cdots \times e^n^A $$ so that $$ \lim_{n \rightarrow \infty} e^A = e^{A_\infty} $$
My attempt: For all $n \in \mathbb{N}$, we define a sequence of matrices by $$ A_n \equiv
\sum_{k=1}^{n} \frac{1}{k} A_k \equiv A_1 + \frac{1}{2} A_2 + \cdots + \frac{1}{n} A_n $$ We
need to show that $\lim_{n \rightarrow \infty} e^{A_n} = e^{\lim_{n \rightarrow \infty} A_n} =
e^{A_\infty}$. But $e^{A_n} \equiv \left( e^A \right)^n = e^{A \times n}$ for all $n \in
\mathbb{N}$. My problem is that I have no idea how to find the limit of $e^{A_n}$ on the right. A:
Here is an idea: By Lagrange's Mean Value Theorem, we have for all $k\in \{1,\cdots, n\}$, $$e^{A_n
}-e^{A_k}=\frac{e^{A_n}-e^{A_{n-1}}}{n-
k}=\frac{e^{A_n}}{n}\cdot\frac{1}{1-e^{\frac{1}{n}}},$$ hence
$$\left\|e^{A_n}-e^{A_k}\right\|\leq \frac{e^2\|A_n\|}{n(1-e^{\frac{1}{n}} f678ea9f9e
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